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Context

The concept of entanglement plays a crucial role in nowadays

models of thermalisation. (Popescu, S. et al.)

The von Neuman entropy SA = −Tr(ρAln(ρA)) can be used as

a measure of the entanglement between a system A and its

environment B .

The main goal of this talk is the computation of SA within

2dim conformal �eld theory.

T = 0⇒ ρ = |0〉 〈0|
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Example: Two spin degrees of freedom

Pure state:|ψ〉 = cosθ |1A, 0B〉+ sinθ |0A, 1B〉,
TrBρ =
〈1B | ⊗ idA |ψ〉 〈ψ| idA ⊗ |1B〉+ 〈0B | ⊗ idA |ψ〉 〈ψ| idA ⊗ |0B〉
⇒ ρA = sin2θ |0A〉 〈0A|+ cos2θ |1A〉 〈1A|
⇒ SA = −TrAρAln(ρA) = −(cos2θln(cos2θ) + sin2θln(sin2θ))

⇒ max(SA) = SA(cos2θ = 1
2

) = −(ln(1
2

)) = ln(2)

The maximal entangled states are:

|ψ〉 = 1√
2

(|1A, 0B〉 ± |0A, 1B〉)
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Plot

Plot of SAas a function of cos2(θ):
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Outline

1. Models in consideration: Critical quantum �eld theories in

1 spatial dimension

1.a Transverse Ising model and quantum phase transitions (T=0)
1.b Scale invariance at the critical point

2. Field theoretical methods

2.a Conformal �eld theory in 2 dimensions
2.b Euclidean path integrals in quantum mechanics

3. Explicit calculation of SA = −TrAρAln(ρA) for an 1

dimensional in�nite system at T=0

2.c Calculation of SA, A being a �nite interval on the x-axis
2.d Results for T=0 and T �nite

4. Conclusion
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Remarks

We want to �nd the entanglement entropy between subsystem

A and environment B for systems with many degrees of

freedom where the total system is in a pure state ρ = |ψ〉 〈ψ|.
In general this is not possible.

For 1-dim lattice models at a quantum critical point, which

can be described by a conformal �eld theory in 1+1

dimensions, explicit results have been obtained and this is the

content of the talk.

Whether these results have any importance for the issue of

thermalisation is not considered here.
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The Ising model

Consider a spin degree of freedom at every point of a 1d lattice

(σz(x) = ±1) with lattice constant a and a transverse tunable

magnetic �eld that drives the phase transition at T = 0.

This can be described by the Hamiltonian

HI (g) = −g
∑

n σ
x
n −

∑
n σ

z
nσ

z
n+1.

At g = 0 we have 〈σzn〉 = ±1, at g =∞ the transverse �eld

dominates and〈σzn〉 = 0. The continuous phase transition

between these two regimes happens at g = 1.
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Quantum Phase transitions
Pictures taken from Subir Sachdev: Quantum phase transitions, Yale 2004

Picture 1: Phase diagram for the 1d Ising model as function of g . In the
non critical region the excitations of the system can be described by
fermionic quasi-particles.

Picture 2: The ground state at T = 0: Dependence of the average
magnetization as function of g. For g < gc the system is in a
ferromagnetic state described by a wave function similar to
|up〉 = ⊗x |1z〉 for g > gc in a paramagnetic state with
|right〉 = ⊗x |1x〉. Similar means that �uctuations don't break the phase.
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Generalisations

In general we have some short range interaction I (x − x ′) > 0

that vanishes for |x − x ′| larger than some multiple of a.

Local observables φlat(x) are sums of products of nearby spins.

For example the local spin σz(x) itself or the energy density

ε(x) =
∑

x ′∈J I (x − x ′)σz(x)σz(x ′).

The correlation function
〈
φlat1 (x)φlat2 (x ′)

〉
falls o� over the

same distance scale as the interaction. Close to the QCP it is

of the form 〈σz(x)σz(x ′)〉 ∝ exp
[
− |x−x

′|
ξ

]
.

Nikolaus Buchheim Explicit thermalisation models I



Systems in Consideration Introduction to CFT The path integral formulation Calculation of SA

Scale Invariance

The correlation length diverges at the QCP : ξ ∝ (g − gc)−ν .
This implies that there is no length scale in the problem

anymore; the theory becomes scale invariant.

A Hamiltonian which is translational invariant for multiples of

a, is replaced by one with arbitrary translational invariance.

For the correlation function of scalar observables scale

invariance means: 〈φ1(bx)φ2(bx ′)〉 = b−(h1+h2) 〈φ1(x)φ2(x ′)〉,
where hi are called scaling dimensions.

Translational invariance then dictates:

〈φ1(x)φ2(x ′)〉 ∝ |x − x ′|−(h1+h2).
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The continuum limit
Towards the quantum �eld theory

Consider the limit a→ 0.

The lattice observables will become �elds φj(x) of a

continuous variable x .

This means that the limit

lima→0

[
a−(h1+h2)

〈
φlat1 (x1)φlat2 (x2)...

〉]
exists. It is denoted as

〈φ1(x1)φ2(x2)...〉.
Together with translations and rotations, scale transformations

form a group...
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Remarks

Conformal transformations leave angles invariant:

x̃ · ỹ = λ2x · y , where the inner product is de�ned through the

metric on Rm: x · y = xµηµνy
ν .

We will see that in two dimensions the symmetry algebra of an

euclidean CFT is in�nite dimensional and can be represented

by analytic functions of a complex variable.

This will signi�cantly restrict the form of the correlation

functions and their transformation properties, enabling us in

the end to calculate SA .
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Conformal symmetry transformations
The conformal group for a 1+1dim euclidean theory

Let g : R2 → R2 and (x , y) 7→ (x̃ , ỹ) a conformal

transformation, locally expressed as

dx̃µ = Mµ
ν dxυ, M

µ
ν = ∂x̃µ

∂xν |x .
The linear map M has to preserve angles:

Mµ
σ ηµνM

ν
ρ = ∂x̃µ

∂xσ
∂x̃ν

∂xρ ηµν = λ2(x)ησρ. (For Poincaré
transformations: λ2 = 1)

For ηµν = δµν this means that, the condition

dx̃2 + dỹ2 = λ2(x , y)(dx2 + dy2) has to be ful�lled. This is

equivalent to the Cauchy-Riemann equations:
∂x̃
∂x = ∂ỹ

∂y ,
∂x̃
∂y = −∂ỹ

∂x or
(
∂x̃
∂x = −∂ỹ

∂y ,
∂x̃
∂y = ∂ỹ

∂x

)
⇒ f = x̃ + i ỹ is an (anti)analytic function of z = x + iy .

Nikolaus Buchheim Explicit thermalisation models I



Systems in Consideration Introduction to CFT The path integral formulation Calculation of SA

Conformal symmetry transformations
Complex coordinates and in�nite Lie Algebra

Since f can be any analytic function, the Lie Algebra is in�nite

dimensional.

Conformal �eld theories are quantum �eld theories for which

conformal transformations leave the action S invariant.

Let us now consider scalar �eld theory that can be described

by a Lagrangian density L(φ, ∂µφ, x), with the corresponding

action S [φ] =
´
dxdyL. The equations of motion follow from

demanding δS = 0.
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Conformal �eld theory
Relevant facts for the computation of the entanglement entropy

Consider an in�nitesimal transformation gµ(x) = xµ + εαµ(x).
Conformal invariance is equivalent to δS = 0.

The stress tensor Tµν is de�ned by δS = − 1
2π

´
Tµνα

µ,νdxdy

and describes the response of S to a general in�nitesimal

transformation.

Conformal symmetry implies that it is conserved, symmetric

and traceless.

In complex coordinates: Tzz̄ , Tz̄z vanish;

T (z) = Tzz = 1
2

(Txx + Txτ ) and T̄ (z̄) = 1
2

(Txx − Txτ ) are

holomorphic and antiholomorphic.
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Correlation functions in 2 dimensions
Primary �elds and conformal weights

In general �elds do not transform trivially. In the simplest case

the transformation is given by:

φ(z , z̄) 7→
∣∣f ′(z)

∣∣ 2hφ(f (z), f (z̄))

In this case we call φ a primary �eld.

It can be shown that this implies:

〈φ1(z1, z̄2), φ2(z1, z̄2)〉 = C |z1 − z2|−4h

We see that primary �elds are the simplest example of

continuum limits of lattice observables.
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Euclidean path integrals in quantum mechanics

To calculate Tr ρ̂ we need to consider matrix elements of

ρ̂ = e−βĤ

Z
, β being the inverse temperature. For illustration we

treat �rst one degree of freedom.
it
~ 7→ τ , suggests that e−βĤ describes �evolution� in imaginary

time 0 ≤ τ ≤ β
We can write ρ̂ as a product of operators corresponding to

arbitrarily small intervals ε = β
n
,:

〈
q′′
∣∣ e−βĤ ∣∣q′〉 =

ˆ n−1∏
k=1

dqk

n∏
k=1

〈qk | e−(τk ,−τ)Ĥ |qk−1〉

Where τk = kε q0 = q′, qn = q′′

At each time step τk we insert the unity operator to �sum�

over all possible ways of evolution
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Euclidean path integrals in quantum mechanics

Now we take the limit n→∞.

Omitting some technical steps we arrive at:

〈
q′′
∣∣ e−βĤ ∣∣q′〉 = lim

n→∞

( m

2π~ε

)n/2 ˆ n−1∏
k=1

dqke
[−S(q)]

Where S is just the euclidean action:

S =
´ β
0
dτ 1

2
mq̇2(τ) + V (q(τ))

Finally we write symbolically

〈
q′′
∣∣ e−βĤ ∣∣q′〉 =

ˆ q(β)=q′′

q(0)=q′
[dq(τ)] exp [−S(q)]
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Setup for the calculation

We now consider a lattice quantum theory in one space

(discrete variable x) and one continuous �time� dimension.

T = 0 ⇒ ρ̂ = |0〉 〈0| . which corresponds to

ρ̂ = e−βĤ

Z
, β →∞. Now the subsystem A consists of the

points x in an interval (u, v) of length l .

In order to quantify the entanglement between these systems

we can use CFT methods to calculate SA.

Compute TrρnA using CFT for n ∈ N, then treat n as a

continuous variable and �nally SA = limn→1
∂
∂nTrρ

n
A.
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The Path integral expression

For any CFT the density matrix elements are given by a path
integral over some fundamental set of �elds φ(x , τ):

〈φ(x , β)| ρ̂ |φ(x , 0)〉 = Z−1
ˆ ′

[dφ(x , τ)] e−S[φ]

The rows and columns of ρ̂ are labeled by the values of the �elds at

τ = 0, β and the path integral is over all histories (system

con�gurations) consistent with these initial and �nal values.
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Integration structure 1

The quantum partition function Z (β) = Tre−βĤ ensures that

Tr ρ̂ = 1. It is found by setting φ(x , β) = φ(x , 0) and

integration
´

[dφ(x , 0)]. This has the e�ect of �sewing�

together the edges of the integration domain along τ = 0 and

τ = β to form a cylinder of circumference β

The reduced density matrix ρ̂A = TrB ρ̂ is found by sewing

together the points x outside of A and integration over the

environment B .〈
φ′′A
∣∣ ρ̂A ∣∣φ′A〉 =

ˆ
[dφB(x , 0)] 〈φA(x , β)|⊗〈φB | ρ̂ |φB〉⊗|φA(x , 0)〉

This will leave an open cut in the cylinder along the line τ = 0.
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Integration structure 2

Path integral representation of ρA and ρ2A where

〈φ′′A| ρ̂2A |φ′A〉 =
´
dφA 〈φ′′A| ρ̂A |φA〉 〈φA| ρ̂A |φ′A〉:

By making n copies of the cylinder and sewing them together

cyclically along the cuts so that φ(x)′′k = φ(x)′k+1 for all

x ∈ A we can compute the quantity TrρnA, which is a starting

point for the calculation of SA
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Final preparations

The path integral on this n-sheeted structure (<n), created by

the cyclical sewing procedure, is:

Tr(ρ̂nA) ≡ Zn(A)
Z(β)n =

´
d
[
φ1A
] ´ ∏n

k=1 dφ
k
A

〈
φkA
∣∣ ρ̂A ∣∣∣φk+1

A

〉
, with

φ1A = φA(x , 0) = φn+1
A

In the limit T → 0, (β →∞) the n-sheeted integration

domain can be regarded as n-times the complex w -plain sewn

together, since the curvature of the cylinder also goes to zero.

We won't calculate any path integral explicitly but will employ

results of CFT to actually receive a value for Tr(ρ̂nA).
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Calculation of SA

Write Zn
Zn as f (n) = Tr ρ̂nA =

∑
j λ

n
j , λj ∈ [0, 1) where the λj

are the eigenvalues of ρ̂A

⇒ f (n) converges and is ∈ C 1 for Re(n) > 1. If SA exists:

lim
n→1

(∂nf (n)) = lim
n→1

(
∑
j

en·ln(λj )·ln(λj)) =
∑
j

λj ·ln(λj) = −SA

⇒ SA = − limn→1

[
∂
∂n

Zn
Zn

]
.

We need to �nd a way to calculate the path integral expression
Zn
Zn .
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Remarks again

It is possible to map <n in a conformal way to C where

translational and rotational invariance (δS = 0) yields

〈T (w)〉C = 0.

Two things will now be used and not derived: The explicit map

and the transformation law for the stress tensor T (w) under

conformal transformation.

Nikolaus Buchheim Explicit thermalisation models I



Systems in Consideration Introduction to CFT The path integral formulation Calculation of SA

The conformal map

We use the transformation law of CFT

T (w) = (z ′′)2T (z) + c
12

z ′′′z ′− 3

2
(z ′′)2

(z ′)2
for w 7→ z(w) = (w−u

w−v )
1

n ,

which maps the n-sheeted w -surface <n to the z-plane C.

w 7→ ζ = w−u
w−v maps (u, v) to (0,−∞); this is then combined

with ζ 7→ ζ1/n. (Pictures on the o.p.)

Calculating the three derivatives we get

〈T (w)〉<n = c
24

(1− 1
n2

) (v−u)2

(w−u)2(w−v)2
.

c is called the central charge. For the Ising model c = 1/2, for
the free boson c = 1.
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In�nitesimal transformation and the stress tensor

Change the length l = |v − u| slightly by an in�nitesimal

transformation g : x → x + δlθ(x − x0), where u ≤ x0 ≤ v .

This leads to a discontinuity, giving rise to a non-vanishing

modi�cation of S according to

δS = − 1
2π

´
Tµνα

µ,νdxdτ = −1δl
2π

´∞
−∞ Txx(x0, τ)dτ ,

Txx = T (w) + ¯T (w),

Inserted in the path integral expression for

Zn(S)→ Zn(S + δS) and expanded up to �rst order

exp(−S [φ]− δS) ≈ (1− δS)exp(−S [φ]) resulting in a change

δZn of the partition function Zn .
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Contour integration

Interchanging the order of integration and inserting a factor n

to consider the insertion on each of the n sheets, w = x0 + iτ :

δZn

Zn
= δln(Zn) = −nδl

2π

∞̂

−∞

〈T (w)〉<n dτ

Treating w as complex variable, it can be solved by a contour

integration around v in 〈T (w)〉<n :
∂ln(Zn)
∂l = 1

Zn
∂Zn
∂l −

(c/6)(n−1/n)
l

⇒ Zn/Z
n ∝ l−(c/6)(n−1/n)

Finally: TrρnA = cn (l)−(c/6)(n−1/n)

SA =
∂

∂n
TrρnA(n = 1) =

c

3
ln(l) + ln(cn)
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Finite Temperature

Take two primary �elds φn(u) and φn(v) which have the same

scaling dimension hn = h̄n = c
24

(1− 1
n2

)
From the CFT section we know that

〈φn(u)φn(v)〉C = |l |−c/6(1− 1

n2
). This implies that

TrρnA = cn
(
l
a

)−(c/6)(n−1/n)
transforms as the correlation

function of two primary �elds: w 7→ w̃ = z(w)

〈φ(w1)φ(w2)〉 =
∣∣z ′(w1)

∣∣2h ∣∣z ′(w2)
∣∣2h 〈φ(z1)φ(z2)〉

The map w 7→ w̃ = (β/2π)ln(w) maps each sheet of <n into

an in�nite long cylinder of circumference β. The result for a

thermal mixed state at β−1 = T <∞ is then:

SA = (c/3)ln(
β

π
)sinh(

πl

β
) + c1

For l � β this is the previous result, for l � β SA becomes

extensive and equals the Gibbs entropy for an isolated system

of length l . Nikolaus Buchheim Explicit thermalisation models I
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Conclusion

Close to a QCP (T=0) where the correlation length is much

larger than the lattice spacing, 1d lattice models are believed

to be described by a CFT in 1+1 dimensions.

In this case the quantity TrρnA is represented by a path integral

expression over some set of fundamental �elds.

By slightly changing the length of the subsystem A, TrρnA can

be computed up to constant using the transformation property

of the conformal stress tensor and complex analysis

respectively.

These method hay also been used to get more general results

for similar situations: Finite system with boundary, several

distinct intervals and for �nite correlation length.
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