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Prove Landauer's claim for the case of a specific physical application

without presuming the second law of thermodynamics
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Heat generation required by information erasure
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1. Introduction

Landauer's claim

Landauers claim:
"erasureof 1bit of information requiresa minimal heatgeneratior
of kT In2"

— physicalsystemwithtwostablestatesand
anoperationRESTORE TO ONE (RTO)



1. Introduction

The bistable potential

V (X,1)

ZERO ONE



1. Introduction

Operation RESTORE TO ONE (RTO)

W SN W W

ZERO ONE ZERO ONE ZERO ONE ZERO ONE ZERO ONE

This procedureis independert of theinitial value of the memory
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1. Introduction

Landauer's claim

Landauers claim:
"erasureof 1bit of information requiresa minimal heatgeneratior

of k,TIn2"

— physicalsystemwithtwostablestatesand
anoperationRESTORE TO ONE (RTO)

— bistablepotentiat needdissipative system

— particularmemory device: particle doingbrownianmotion
in anadditional(bistable)potential



1. Introduction

Stochastic model for information erasure

d *x dx oV (xt)
Mm——+my—=——24+F.,(t): Langevinequation
az 7t OX () J q

F.(1): randomforce: time dependentstochasticvariable



Brownian motion

Langevinequation

d*x dx oV (xt)
M——+My——=—
dt dt OX

+Fe (1)

F.: Gaussianwhiterandomforce

<FR (LR (t2)> =2myTo(t, —-t,)
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Brownian motion

Langevinequation
d*x dx  oV(xt)
> m
dt dt OX

+Fe (1)

F.: Gaussianwhiterandomforce

<FR (LR (t2)> =2myTo(t, —-t,)

Fokker-Planck equation(FPE):

0 0
— f(x,u,t)=| —u+—| W+
ot ( ) { ox  ou .

0 ( 1 6V (x,1)
m oX

)

7/T 0°
m ou’®

}f(xut)

1. Introduction
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2. Stochastic movement

Time dependent stochastic variables

P(y,,t;) probability thatY takesatt =t, the valuey,

P(y,t:V,,t,;...;¥,,t,) probability thatY takesthe valuesy,
att=t fori=1...,n

[ PO Vartos s Yo 88 = POV b Voo Vs )

P(y,,1]Y,,1,) definedby P(y,,t,)P(y,,t,
= P(y,,t,) =[Py, t)P(y,.ty

Y2’t2) — P(ylitl;yZ’tZ)
Y, t,)dy,




2. Stochastic movement

Markov processes

P(Yo ;oo Yo o Yoo t0) = P(Yo oo ta| Vi t)

Joint probabilities are determinedby P(y,,t,|Y,,t,) and P(y,t)

Forexample, P(Y;,t; Y, b ¥a, 1) = PV, 65 Vo, ) PV B Yoo b Vs, t)
— P(yl’tl)P(yl’tl YZ’tz)P(yz’tz‘yg}’ts)




2. Stochastic movement

Markov processes

P(Yo ;oo Yo o Yoo t0) = P(Yo oo ta| Vi t)

Joint probabilities are determinedby P(y,,t,|Y,,t,) and P(y,t)

Forexample, P(Y,,t; ¥,. L Vo, ) = POy, 4 Yo, L) P(YL S Yo, L
= P(yl’tl)P(yl’tl YZ’tz)P(Y2’t2 y3’t3)

Y3 t3)

= P(Yut3 ¥a,ty) = PO, 1) [ PV 1Yo, 1) P(Yau
Varte) = [ POVt Yo L)P(Yas s

(ChampmanKolmogorovequation]

y3 ) t3)dy2

= P(y.t, Y3, 15)dy,




Random walk

p—l _1

2 p_‘z
- O0—O0—O0—0—0—0—0—70
—>
/\

Randomyvariable X haspossiblevaluesnA, neZ
transitions canoccur attimest=sz, seN,,

P(yz'tz) - _[ P(yl’tl)P(yl’tl yzitz)d)ﬁ

— P(nA,(s+D7) = iP(mA,sf)P(mA,sf\nA,(s +1)7)

M=—o0

2. Stochastic movement



Random walk

p—l _1

2 p_‘z
- O0—O0—O0—0—0—0—0—70
—>
/\

Randomyvariable X haspossiblevaluesnA, neZ
transitions canoccur attimest=sz, seN,,

P(yz'tz) - _[ P(yl’tl)P(yl’tl

Y, t,)dy,

— P(nA,(s+D7) = iP(mA,sf)P(mA,sf\nA,(s +1)7)

M=—o0

1

P(mA,sz|nA, (s+1)7) = %5n ,+ E5n(m_1)

(m+1

= P(A,(s+D7) = % P((n+1)A,s7) +% P((n-1A,s7)

2. Stochastic movement



2. Stochastic movement

Random walk

P(nA,(s+D7) = % P((n+DA,s7) +% P((n—1A,s7)

2

take A—>0, 7—>0 suchthat DEZ— remains constant
T

OP(x,t) _ 5 0°P(X,1)

—
ot OX?

P(x,0) =06(x)

= P(x1t)= L g X /4Dt



2. Stochastic movement

The Fokker-Planck equation

integration of the Langevinequationyields
_ et _
U(t) =upe ™ + = | dse "™ IF ()
m

X(t) =X, +—(1—e /™ Yy, +1r ds(1—e "M E(s)
Y y

u(t) and x(t) are stochasticvariablesthatdependon F;(t)
in anontrivialway.



2. Stochastic movement

The Fokker-Planck equation

» assumtion: force actingonparticleis alwaysfinite:
—jf(x u,t)dxdu = — jf(x u,t) X- dA _—jv (f(x,u,t) X)

- ﬁz—v-(Xf):—a(Xf) a(u f)
ot OX ou




2. Stochastic movement

The Fokker-Planck equation

» assumtion: force actingonparticleis alwaysfinite:

—J-f(xut)dxdu— jf(xut)x dA _—jv (F(X,U,t)X)

- ﬁz—v-(Xf):—a(Xf) 8(uf)
ot OX ou
»l-J d_:__ (t)_laV(xt) F(t)

dt m OX
% 8(uf)+;/a(uf)+ 8V(x,t)af_lF @

— R
OX m ou m OX ou m  ou




2. Stochastic movement

The Fokker-Planck equation

» assumtion: force actingonparticleis alwaysfinite:

—J-f(xut)dxdu— jf(xut)x dA _—jv (F(X,U,t)X)

_ @:—V-(Xf)z—a()(f) a(uf)
ot OX ou
* du 18V(xt)
U=—=—— t— F t
g dt m (t) OX ()
_ @Z_(3(uf)+7/8(u1t)+ 8V(x,t)af_1FR§
ot OX m ou m OX ou m  ou

givesus evolutionof probability densityfor given
F.(s), s€[0,t] andinitial probability density f (x,u,t =t,)

» averageoverallpossiblerealizations of F;(s), s €[0,t] to get P(x,u,t):

F(xut)=(f(xut))_
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3. Computation of the minimal heat generation

Landauers claim specifiedfor stochastic model:

"No matterhowonechangesthe potentialwithtime to performRTO,
the averageof the totalheatgeneratedduringthe operationwillbe
notlessthank,T In2"
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3. Computation of the minimal heat generation

<X> :j f(x,u,t)X(x,u,t)dxdu ensembleaverageof a function X
onthephasespace

Q: ensembleaverageof energygivento theparticleby the
environment perunit time

W : ensembleaverageof workdoneby the potentialV
ontheparticle perunit time

S =—deduf In f: Shannonentropy

k, =1
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3. Computation of the minimal heat generation

choosespecificbistablepotentia — f,(x,u) and f,(X,u)

considerN (>>1) memories:

P,N:  numberof memories withvalue ONE
PoN : number of memories with value ZERO
AQ, (L, t;): averageenergydissipatedinto the environment

betweentimest andt,

AQuultit) = [ (~Q)t =T[s(1) - S t,)]



Information erasure in a stochastic model

Discussion

> neednoiseforce to be whiteand Gaussian

> considerAQ(p,, p,) Wherep, =1-p,:

10
HEERREEME N
kT In P

1 F

Ly

0.8 |

O.6E

0.2 |
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