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Exercise 7.1 Exact solution of the Ising chain

Consider the one-dimensional Ising model on a chain of length N with free ends
N-1
H= —JZ 0;0i+1, 0; = +1. (1)
i=1

a) Compute the partition function Zy using a recursive procedure.

b) Calculate the magnetization density m = (o;) where the spin o; is far away from
the ends.

c¢) Show that the spin correlation function I';; = (0,0;) — (0:)(0;) decays exponentially
on the scale of the correlation length & = —[log(tanh 3J)]~! with increasing the
distance |j — i|. What happens in the limit 7" — 0 ?

d) Use the fluctuation relation in the thermodynamic limit N — oo,

X(T) = ,CBLT (Z(UO%‘) - N<00>2> : (2)

to calculate the magnetic susceptibility in zero magnetic field.

Exercise 7.2 Exact solution of the Ising chain in the presence of a magnetic
field

Consider the one-dimensional Ising model in the presence of a magnetic field h

N N
H = —JZUiUH_l - hZO_i, g; = +1. (3)
i=1 i=1

Assume periodic boundary conditions, that is, assume that the Nth spin is connected to
the first so that the chain forms a ring. Then the spin labels run modulo N (i + N = ).
We will use the transfer matriz method to calculate the partition function Zy in a nonzero
magnetic field.

a) It is convenient to consider the bonds between two neighboring sites. Show that in
this way the partition function can be written as

Zn = PoicyPosry - Poyey = Tt PV
{03}

The symmetric matrix P is called the transfer matrix. Find the entries of P.

b) Show that in the thermodynamic limit N — oo the free energy is given by

1
F(T,N,h) = ~3 log Zn = —NkgT log [eﬁ‘] cosh Sh + \/eQﬁJ sinh? Bh + =287
(4)

c) Compute the magnetization m(T', h) = (0y) and the susceptibility x(T',h) = (Om/Oh)r.
Compare the results with the results of exercise 7.1.



